EE 508
Lecture 22

Sensitivity Functions
- Comparison of Circuits
- Predistortion and Calibration



Theorem: If all op amps in a filter are
ideal, then w,, Q, BW, all band edges,
and all poles and zeros are homogeneous
of order O in the impedances.

heorem: If all op amps Iin a filter are
ideal and if T(s) is a dimensionless transfer
function, T(s), T(jw), | T(jw)|, £T(jw) , are
homogeneous of order O in the impedances



Bilinear Property of Electrical Networks

Theorem: Let x be any component or Op Amp time constant
(1t order Op Amp model) of any linear active network
employing a finite number of amplifiers and lumped passive

components. Any transfer function of the network can be
expressed in the form

T (0)= N (512N, ()

D, (s)+xD, (s)

where N,, N4, Dy, and D, are polynomials in s that are not dependent upon x

A function that can be expressed as given above is said to be a bilinear

function in the variable x and this is termed a bilateral property of electrical
networks.

The bilinear relationship is useful for

1. Checking for possible errors in an analysis
2. Pole sensitivity analysis



Root Sensitivities

Consider expressing T(s) as a bilinear fraction in x
N, (s)+xN, (s) _N(s)
D, (5)+xD,(s) ~ D(s)

T(s)=

Theorem: If z; is any simple zero and/or p; is any
simple pole of T(s), then
A

o) e o))

. dz, ) . dp )

Note: Do not need to find expressions for the poles or the zeros to find the pole
and zero sensitivities !

Note: Do need the poles or zeros but they will generally be known by design

Note: Will make minor modifications for extreme values for x (i.e. T for op amps)



Root Sensitivities

Theorem: If p; is any simple pole of T(s), then

st=(5) o)
dp,

Proof (similar argument for the zeros)

D(s)=Ds (5)+4D; (s)

By definition of a pole,

D(p|)=0
D(p;)=Dy (i) +XD; (p;) =0



Root Sensitivities
D(p;)=D, (p;)+xD; (p;)

Differentiating this expression implicitly WRT x, we obtain

6Do (pi ) 8pi n {X aD1 (pi ) api n D1 (pi )} =0
op, OX op, OX

Re-grouping, obtain

o FDO (P) ., D, (Pi)} _ D, (p,)

OX| Op, op,
But term in brackets is derivative of D(p;) wrt p;, thus
op; _ D, (p))

op.

oX (6D(pi)j



Root Sensitivities

op, __ Dy(p)
OX (a[;(pi)j
Pi

Finally, from the definition of sensitivity,

op.




Root Sensitivities
Sp — X P _ (X](dei)

p, OX p. )( oD(p, )]
op.
Observation: Although the sensitivity expression is readily
obtainable, direction information about the pole movement is
obscured because the derivative is multiplied by the quantity p;
which is often complex. Usually will use either

Opi :%
or T X
Qe X op; _ (X] D, (p,)
“ plox  {pl)(D(p)
op.

which preserve direction information when working with pole or
zero sensitivity analysis.



Root Sensitivities

Summary: Pole (or zero) locations due to component
variations can be approximated with simple analytical
calculations without obtaining parametric expressions for
the poles (or zeros).

pi = pi‘ldeal + Ap, where Api ~ Ax e of‘

Components

- D1 i
o =- (6D(I(3I'D))j and  D(s)=D,(s)+x-D,(s)
op,

PiN

Alternately, Ap. = (p AX) épi
i i X X



~/

Example: Determine E{i for the +KRC Lowpass Filter for equal R, equal C
1

C;
)] T(s)="e (8)+xN,(s)
R, R Vour Do (S) +xD, (S)
AN\ —
Vin Co épi :Lapi _ _( X ] D1(pl)
X
K(s): K ‘pi‘ OX ‘pi‘ aD(pi)
J7 1+K,zs op.
|
KO
T(s)= RR,C.C,
) 1 1 (1-K,) 1 ) 1 1 1 1
s°+s + + + +K,7s| s°+s + + +
R1C1 R2C1 R2C2 |:{1R2C‘IC2 R1C1 R2C:1 RZCZ R1RZC1CZ
write in bilinear form Ko
T(S)= R2C102
{S1+ 1 +K02'S(S1j+ ! ]+R1 s’+s 1 +(1_K°)+KOTS[SZ+S{ 1 + 1 D
C, R,CC, C,) R,.CC, R,C, R,.C, R,C, R.C,
evaluate at =0 Ko
T(s)= R,C.C,
R1

Si+ L +R. | s?+s 1 +(1-K°)
C, R,CC, R.CC, R,C, R,C,



VIN

Example: Determine SE{' for the +KRC Lowpass Filter for equal R, equal C
1

i T(s)=" N, (8) XN, (s)
R, R, E Vour D, (s)+xD, (s)
| épi:xap,_ (x] D, (p,
“ T K © Il ox P ){ oD (p,
K(s) 1+K(:)Z'S op,
: K
R,C.C,

Si+ L + 1 +R, | s*+s 1 +(1-K0)
C, R,CC, R, CC, R,C, R,C,

1 +(1K)}

D1(S)=32+ |:R ¢ RC

D(s)=|s v 4]
C. R,CC, RCC

+R, | s*+s 1
) R,C. RC

p2+p 1 +(1'Ko)}
& _ X 0P :_( 1} R,C, R,C,
R1
‘pl‘ 8X ‘pl‘ 2p| _|_u')0j
Q




Example: Determine SE{' for the +KRC Lowpass Filter for equal R, equal C
1
N, () +xN, (s)

C; — 0
)| T(s) D, (s)+xD,(s)
R R > Vour
o épizxapi:_ﬁxj D, (p)
T y ““plax ~ p/)(D(p)
K(S): : apl

p2+p 1 +(1'K0) K,
S _ X op _ [ 1 R,C, R,C, T(s)= RR,CC,
R, \p\ OX \p\ W, g 1,1 (1 -K ) 1
! ! 2p, + Q RC, R,C, RC, | RRCC,
T, 5 1 LK) 1
& X 0P, _( 1 jR1R2C1C2 R,C, PP RC RS TR, |'RRCG,
R1
plox (b (zpi +w0j L1 (1K) 1 1
Q d p{R C, RC, }_R1R2C1C2 PRC,

ép X ﬁpl _( 1 j " pR1C1
Ry — ‘pl\ax Wy (2p_+woj



Example: Determine SE{' for the +KRC Lowpass Filter for equal R, equal C
1

C1
N |
J
Ry R > Vour
Vin C, 1
K
K(s) :

Forequal R,equal C W, = o=

RC
Sg :xﬁpi:( 1 j We+ pu,
| \pi\ﬁx Wo (2pi+w0j
Q
Rp X 0P, Wytp

Q

W Pp o
— 11

1
’ ‘pl‘ OX [woj (2pl _|_U)0j
Q

2
épi X apl

(0)) W
LWy -2+ 04/1-4Q7
Sg _ 0 2Q 2Q
! (0))
+-0/1-4Q°
Q
. Q-+ M 1aQ?
SpR _ 2 2
1 +1/1-4Q?



Example: Determine Sg for the +KRC Lowpass Filter for equal R, equal C
1

C;
Y & _ X,

X

R Rz \Y; ‘pi‘ OX
1 —m/w—% =
For equal R, equal C

Vin C,
K(s)=—1 5 Q-f+f\/1 4Q?
J7 14K, 78 SR _
1 _\/1-4Q

Note this contains magnitude and direction information

. LN
For high Q gp_Qiz A9 Qo 1xj jE1_1 1,
R, ™ - . - .
T e 20 t2 42 2 2




Example: Determine Sg for the +KRC Lowpass Filter for equal R, equal C
1

C;
> } Spi — L ap|
R R > Vour ‘pi‘ OX
For equal R, equal C
Vin Co 1 y
K — 0
J7 () 1+K,zs
A AR
For high Q Ap; = w, (0.5£0.5)) = 1

1 .
Could we have assumed equal R equal C before calculation?
No ! Analysis would not apply (not bilinear)
Results would obscure effects of variations in individual components

Was this a lot of work for such a simple result?

Yes ! Butitis parametric and still only took maybe 20 minutes

But it needs to be done only once for this structure
Can do for each of the elements

What is the value of this result?

Understand how components affect performance of this circuit

Compare performance of different circuits for architecture selection



Transfer Function Sensitivities

_ QT(w)

S=jw

S-)I(-(jw) — SI(J(U) n JGS)G( where 0=/T(jw)

STes)

S’ =Re ( STiw) )
Si=_Im(S]))



Transfer Function Sensitivities

If T(s) is expressed as T(s) = ;aiSi _N(s)
P ibis D<S)
T asS% v bs'Sh
then ST(S) _ i=0 ! X iz X
’ N(s) D(s)

If T(s) is expressed as  T(s) =

STe) XDy (8)N; (s)-N, (s)D; (s) |
“ (Ny(s)+xN,(s))(D, (s)+xD,(s))




Band-edge Sensitivities

The band edge of a filter is often of interest. A closed-form expression for
the band-edge of a filter may not be attainable and often the band-edges
are distinct from the w, of the poles. But the sensitivity of the band-edges
to a parameter x is often of interest.

T(jw) 4

Want SQue _ owe X



Band-edge Sensitivities

T(jw) 4

| o
We \ W

Theorem: The sensitivity of the band-edge of a filter is given by the expression

ST(Jw)‘
Sy = G (i)

W=W¢



Band-edge Sensitivities
T(jw) §

Proof:

e T (jw) AT (jw)

ow AW
| | O[T (jw),
OT(jw) _AT(jw) Ax | ox
ow  AX AW 0w

oX

ey



Band-edge Sensitivities

0T (jw)
OT(jw) _AT(jw) Ax | ox
ow  AX Aw 0w
OX
O[T (jw)
ow _ OX
ox [T (jw)
ow
8T(jw) . X
ow _ OX T(jw) (w
ox  OT(jw)  w (xj
ow T(jw)
8T(jw) . X
ow (X)) _ OX T(jw)
@x.(wj: OT(jw)  w
ow T(jw)

eV




Sensitivity Comparisons

Consider 5 second-order lowpass filters

(all can realize same T(s) within a gain factor) C,
R L {
AN—6TT0 Vour R, R,
L —\V W MV K —
V|N% —C ViN i D'VOUT
I T
Passive RLC +KRC
(a) (b)
C AN
€ R, Ra
NV MV Ci Y R
R . Ri 1 c R ’\ﬁAO/ — R CzK R; A
V|N 1 ? V|N + a:>
j + Vour Two-Integrator Loop

Bridged-T Feedback

(c)

(d)

VOUT



Sensitivity Comparisons

Consider 5 second-order lowpass filters

(all can realize same T(s) within a gain factor)

Rs
AVAYAYA
— VNV —
R4 R> R4 Rs
VY VYV - Vour
N
—1 —1 R5
Vin C1 ZT C2 ™ K= -R—4
N -KRC Lowpass
(e)
For all 5 structures, will have same transfer function within a gain factor
Kw?
T(s) = :

s2+5 0 +W;



a) — Passive RLC




b) + KRC (a Sallen and Key filter)

C
Y
i
R1 R2
AAAA
j Vour
V|N C2 /: A A AN
Rs
I
K = 1+Rs
R4
kK
T(s) = RR,C.C,
s 1 [ \/R1C1 . \/RZCZ . \/sz K R1C1j L]
JRR,CC, I\RC, |RC, \R,C, \/ R,C, /| RR,CC,




Case b1:Equal R, EqualC =

R, =R,=R C,=C,=C

w o= a1
0 RC K—3'6

Case b2 : Equal R, K=1

“R.= 16
R =R=R Q= |




c) Bridged T Feedback c,

j ’ Vour

: ( [ j 1 \/ R, \/Rz RR, !
s°+s + + +
C, \JRR.CC, IVR: VR, R, RR,C.C,

= 1 Q= 1

w
’ RR,CC, C. Ry + Ry + \/R1R2,
C, R; VR, R,

If R,=R,=R;=R and C,=9Q?C,

1
9Q?R’C?

a1 ],
3Q°RC, )| 9Q°R’C?

T(s) =




d) 2 integrator loop

—AWW
R1 RQ
C1 v R
Ve R, G2/ AAAA
Ro AN 2 AN Rs

v W J%/JW\/\_ED AN
R, 1 :E

R3 ’ ROR2C1C:2

() a3
S)= - 0
Sz+s( 1 )+R4 1 R,

RQCZ R3 ) RORZC1C2

Vour



d) - KRC (a Sallen and Key filter)

Rs
AVAVAYA
—VVV—
R1 R2 R4 R5
NN T ANV = Vout
N
Vin C T c K = E_
N K
T(s)= - RR,C.C,
SZ+SH1+R1]( 1 j{ﬂczj( 1 j{ 1 j}1+(R1/R3)(1+K)+(R1/R4)(1+R2/R3+R2/R1)
s \RC, Ci ARG, R,C, RR,CC,
\/1+(R1/R3)(1+K)+(R1/R4)(1+R2/R3+R2/R1)
I?1R2(:1C:2
oo [FRRNKFRRIRRARR) Q=57 oy 1 7
| S R SR
J5+K,
Often R,=R,=R;=R,=R, C,=C,=C Q=

5



\
5/'-/.. S
Nj)(((( L

Stay Safe and Stay Healthy !
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